Electron and nuclear spins of donor ensembles in isotopically pure silicon experience a vacuumlike environment, giving them extraordinary coherence [1, 2] . However, in contrast to a real vacuum, electrons in silicon occupy quantum superpositions of valleys in momentum space. Addressable single-qubit and two-qubit operations in silicon require that qubits are placed near interfaces, modifying the valley degrees of freedom associated with these quantum superpositions and strongly influencing qubit relaxation and exchange processes [3, 4] . Yet to date, spectroscopic transport measurements only indirectly probe wavefunctions [5] [6] [7] [8] , preventing direct experimental access to valley population and donor position in devices. Here we directly probe the spatial substructure of electronic valley interference in single quantum states of individual subsurface donors, in real space and reciprocal space, employing scanning tunneling spectroscopy. The valley population is found to be within 5% of a bulk donor when ∼ 3 nm from the interface indicating that valley perturbationinduced enhancement of spin relaxation will be negligible for depths > 3 nm. The observed valley interference will also render two-qubit exchange gates sensitive to atomic-scale variations in positions of subsurface donors [9, 10] . These results will also be of interest to emerging schemes proposing to encode information directly in valley polarization [11] [12] [13] [14] [15] [16] .
Fabrication of devices [17] and quantum control of spins in silicon [18, 19] has been accomplished at the singledonor level. However, addressable control and coupling within qubit arrays requires local gates and control interfaces, which strongly influence the electronic valley degrees of freedom [3] [4] [5] [6] [7] [8] [9] [10] [20] [21] [22] [23] [24] . While these unconventional orbital degrees of freedom play no role in conventional silicon microelectronics, they invariably arise in quantized states in indirect gap materials, and are pervasive in quantum electronics. Atomic scale potentials of interfaces determine the valley physics of spin qubits in silicon [9, 10, 20, 21, 23] and graphene [22] , emerging valley-based devices in silicon [12, 13] and valley pseudospin-based devices in graphene [11, 16] .
The direct measurements of valley interference presented herein addresses spatial aspects of the 60-year old theory of shallow impurities in silicon [10, 21, 25, 26] . From direct comparison with theory, the z-valley population is estimated to be ∼ 38 ± 2% for a ∼ 3 nm deep donor, perturbed by only ∼ 5% compared with ∼ 33.3% for a donor in bulk silicon. Consequently, donors more than 3 nm deep should not experience a significant valley-repopulation induced increase in spin-lattice relaxation. Moreover, the nearly bulk-like valley interference observed will render two-qubit exchange gates sensitive to atomic variations in donor position [9, 10] , even for subsurface donors. This experimentally formed understanding of donor wavefunctions is essential for engineering spin qubit arrays leveraging silicon's exceptional coherence [1, 2] .
We employed unconventional scanning tunneling spectroscopy (STS)-based spatially-resolved single-electron transport to spatially measure valley interference in single quantum states of isolated subsurface arsenic donors. Ultra-high vacuum annealing, with parameters targeted to deplete the upper ∼ 10 nm of donors [28] , was performed on a highly arsenic-doped silicon wafer (see Methods). Spatially well-isolated residual As donors (density ∼ 10 11 cm −2 ) were found in the depletion region by subsurface imaging [29, 30] at U = −1.25 V.
The electronic isolation of donor-bound states within the depletion region was quantified as illustrated in Figure 1A , by single-electron transport spectroscopy employing the scanning tunneling microscope tip, at 4.2 K. The measured differential conductance dI/dU above donor 1 ( Figure 1B , blue squares) exhibited the signature of single electron tunneling, as illustrated, from the substrate's impurity band [27] , to the subsurface donor brought into the bias window by tip-induced band bending [29] , to the tip. Fitting of the first two peaks to single-electron transport theory [31, 32] (Figure 1B , red line) established a coupling h(Γ in + Γ out ) k B T ∼ 350 µeV for donor 1, similar to states in single dopant transistors [6] . The lowest energy peak (U ≈ −0.8 V) was found to be bound to donor 1 in spatially resolved dI/dU ( Figure 1C ). Higher energy peaks (U < −1.05 V) in Figure 1B and 1C are two-electron states (see Supplementary Information).
Spatially resolved measurements of donor-bound states were carried out using an unconventional scheme. Constant current imaging of bound states [30, 33] was avoided since it necessarily measures multiple states. On the other hand, measurement of dI/dU vs. U on a twodimensional spatial grid would be impractically time con- [27] , to the subsurface donor in the depletion region with electron probability density |Ψ(r)| 2 , to the tip. B. Top: Measured dI/dU (blue squares) for tip position above the subsurface donor, and least-squares fit to thermally broadened single-electron transport (red line). Bottom: Schematic band diagram, whereby the sample bias U < 0 brings the donor-bound states into resonance with the Fermi energy in the conduction impurity band (c.i.b.), which is spatially separated from the donor by a depletion region. C. Measured differential conductance dI/dU versus x and sample bias U , along line passing over single donor. suming for the spatial frequency range |k x |, |k y | ≥ 8π/a 0 necessary to avoid frequency aliasing, and resolution 2π/50a 0 necessary to resolve silicon's band structure. We therefore employed an unconventional two-pass line-scan to spatially measure individual donor-bound states. In the first pass of each line, the surface topography z(x, y) was measured at U = −1.45 V. During the second pass of each line, a current I(r) proportional to the probability density |Ψ(r)| 2 for a single bound state was measured, by choosing a bias (U 2 = −0.85 V for donor 1) that ensured a single state in the bias window for single-electron transport. The feedback loop was turned off as required for the second pass, and the tip position was set to r = (x, y, z(x, y) − δz), δz = 0.25 nm closer to the sample compared to the first line's topography. The value of δz was chosen such that I(U 2 ) ∼ exp(κz) ∼ Γ out , or equivalently, Γ out Γ in . In this regime, I(r) ∝ |Ψ(r)| 2 , where r is the central coordinate of the tip apex orbital [34] . For donor 1, the measured z(x, y) and I(r) ∝ |Ψ(r)| 2 are shown in Figure 1D and Figure 1E , respectively. In Figure 1E , |Ψ(r)| 2 vanishes away from the donor, as expected for a true single state measurement.
To investigate valley interference of donor 1, we numerically computed the two-dimensional Fourier representation of I(r) ∝ |Ψ(r)| 2 , shown in Figure 2A . The vertices of the outer dashed box are reciprocal lattice vectors 2π/a 0 (p, q) with p = ±1, q = ±1, and a 0 = 0.54 nm. Figure 2A contains the unmistakable signature of conduction band ellipsoids highlighted in green, along [100] (x) and [010] (y) directions. Positions of the conduction band minima of silicon [35] at k µ = 0.85(2π/a 0 ) are indicated by white crosses. We term the structure outlined in blue within k 0.5(2π/a 0 ) the probability envelope, because it contains the lowest spatial frequencies of the probability density. Dashed outlined features centered at 2π/a 0 (±1/2, ∓1/2) and 2π/a 0 (±1/2, ±1/2) are created by the 2 × 1 reconstruction, and are related to the probability envelope and ellipsoids, respectively, as evidenced by their 2π/a 0 (∓1/2, ±1/2) displacement (white arrows, Figure 2A ) relative to them. The depth of donor 1 was estimated to be z 0 = (5 ± 1)a 0 nm (20 ± 4 lattice planes), as described in Methods. Shown for comparison in Figure 2B is the Fourier transform of the vacuum tail of the ground state probability density |Ψ 1 (r)| 2 obtained by empirical sp 3 d 5 s * tight-binding (see Methods).
The shape and position of the predicted ellipsoids (green) and probability envelope (blue) in Figure 2B are in very good agreement with measurements in Fig-k [001]
[100] ure 2A. Both of the ellipsoids and probability envelope originate from electronic quantum interference among the six valleys of silicon's conduction band ( Figure 2C , top), whose coherent population is described by valley quantum numbers α µ (µ = 1...6). The α µ are multiplicative prefactors in the reciprocal space distribution F µ (k ) ( Figure 2C , bottom) of the wavefunction over the Bloch functions φ kµ+k (r) belonging to different minima k µ . The i th donor-bound eigenstate can be written as 
The constructive valley interference of the singlet at the arsenic site (the central cell) is responsible for the energy difference [25, 26] .
The coherent population of valleys represented by α 
(1) This expression directly gives the Fourier component For a particular α i there is a corresponding valley interference pattern in the orbital probability density
2 , overlaying atomistic calculations in Figure 2E , arise from off-diagonal product terms of z valleys at k ≈ G 2 and x (y) valleys at k ≈ G 2 ±xk µ (k ≈ G 2 ±ŷk µ ). Consequently, the ellipsoids in the Fourier decomposition of |Ψ(r)| 2 are direct evidence for the presence of all three valleys in the measured ( Figure 2A ) and atomistically calculated (Figure 2B ) subsurface donor ground state. From the same mapping, the probability envelope (blue outline in Figure  2E ) is obtained from −k and k in Ψ * i (r) and Ψ i (r) both chosen either from the set {G 2 ±xk µ , G 2 ±ŷk µ } of x and y valley terms, or the set {G 2 } of projected z valleys terms. It follows from the mapping that x, y, and z valleys con- tribute to the peak at k = 0, while only x and y valleys contribute to the side peak at k = 0.15(2π/a 0 )(±1, ±1).
We compare the relative heights of the central and side peaks in the measured and calculated ground state probability envelopes to quantify the deviation from a bulk-like valley configuration for donor 1. Calculations presented in Figure 3 demonstrate an increasing relative contribution of the central peak indicating a relative increase in the population of z-valleys relative to x and y, with decreasing depth 10.25a 0 to 5.25a 0 , in zero electric field. This arises from the competition between the interface, which introduces a valley-orbit potential and also tends to depopulate the x and y valleys with lighter masses parallel to the interface, and the donor ion's valley-orbit potential, which prefers to keep them equal. The side peak amplitude saturates at a depth 7.25a 0 indicating that the valley configuration approaches that of a donor in bulk silicon. Shown in Figure 3 , the measured donor (green diamonds)'s profile agrees with calculations for donors of 7.25a 0 and 6.25a 0 depths, which have z-valley populations of 36% and 40%, respectively (See Supplementary Information). Therefore, we estimate that the zvalley configuration of the measured donor differs by only ∼ 5% compared to a donor in bulk silicon (33.3%). The discrepancy compared to the extracted depth (5 ± 1)a 0 is at the level of a single lattice constant, and could arise from electric fields present in the experiment that are not accounted for in the theory. Moreover, the wider central peak in measurements could be the result of slightly enhanced lateral localization due to image charges associated with dielectric mismatch for the 3 nm deep donor, also not taken into account in the theory. Overall, the agreement of the reciprocal space profile with the theoretical description from the calculations is remarkable. Note that low-pass response of the STM tip orbital is not expected for such low spatial frequencies k 0.21(2π/a 0 ) (λ 2.6 nm).
The real-space representation of the ellipsoids, shown in Figure 4A and obtained by digital Fourier filtering, resemble a low frequency s-like envelope modulated by x and y-directed standing wave patterns with wavelength λ µ ≈ 2π/k µ = 0.65 nm. As described above, the ellipsoids in |Ψ 1 (r)| 2 arise from cross terms between the x (y) valleys, which oscillate at k = k µx (k = k µŷ ), and the z valley. Consequently, their real-space representation can be easily shown (see Supplementary Information) to have the form F z (r)(F x (r) cos(k µ x) + F y (r) cos(k µ y)), where
is the donor ground state envelope function. The maximum of the real-space oscillation pattern, labelled with a red cross in Figure 4 , identifies the position of the ion. Notably, the appearance of elongation along [100] and [010] directions ( Figure 4A ) is also predicted by atomistic theory ( Figure 4B ).
Like the ellipsoids, the probability envelope arises from valley interference. Therefore, it is not surprising that the real-space representation of the probability envelope in Figure 4C has an unusual shape characterized by a node along x = −y. This node, predicted by calculations ( Figure 4D ), contrasts the simple envelope of oscillations in Figure 4A /4B. Notably, a survey of over thirty subsurface donors with indistinguishable spectral signatures revealed two distinct ground state probability envelopes: type-A of which donor 1 in Figure 4C is a typical example, and type-B, of which donor 2 in Figure 4E is a typical example. While the ellipsoid interference pattern of the type-B donor ( Figure 4E ) resembles that of type-A donor ( Figure 4A ), the probability envelope of the type-B donor ( Figure 4G ) has a protrusion along x = −y.
The type-A and type-B probability envelopes are at first peculiar. An examination of tight-binding calculations of |Ψ(r)| 2 for donors occupying successively deeper planes revealed a sequence A, A, B, B, A, A, B, B for donor depths 5.00a 0 , 5.25a 0 , 5.50a 0 , 5.75a 0 , 6.00a 0 , 6.25a 0 , 6.50a 0 , and 6.75a 0 . For the type-B donor, both the calculated ellipsoids ( Figure 4F ) and probability envelope ( Figure 4H ) are in excellent agreement with measurements in Figure 4E and Figure 4G , respectively. Moreover, the calculated probability envelope for a fixed donor depth was found to depend sensitively on the lattice plane below the surface where it was evaluated. The two different probability envelopes are therefore a manifestation of (1) rapid spatial variation of |Ψ(r)| 2 along z with lattice and valley spatial frequencies (and their harmonics), and (2) the relative sensitivity of the tip to the topmost atomic planes. Nevertheless, the spatial average of type-A and type-B probability envelopes is s-like, as expected from effective mass [25] .
Any interface-induced mixing with excited valley-orbit states enhances the spin-lattice relaxation rate [37] . The nearly bulk-like valley interference pattern observed for ∼ 3 nm deep donors is a direct indication of small mixing with valley-orbit excited states, such that for > 3 nm deep arsenic donors, the spin-lattice relaxation rate T
−1 1
is not enhanced compared with bulk donors. For magnetic fields of practical interest [38] , T 1 of subsurface donors will still greatly exceed the spin coherence time of electrons in isotope purified silicon [1] . However, proximity to non-ideal interfaces could introduce other relaxation processes. Moreover, the observed interference in Figure 4 is precisely the phenomena predicted to render two-qubit gates sensitive to atomicscale variations in donor position [9, 10] . This can be thought of as a direct consequence of phase mismatch in interfering terms in the exchange interaction J(R) = Ψ * (r 1 − R)Ψ * (r 2 )V ee (|r 1 − r 2 |)Ψ(r 1 )Ψ(r 2 − R) between donors separated by a displacement R, each having lattice-incommensurate (λ = 0.65 nm) spatial oscillations.
The spatially resolved single electron transport demonstrated herein provides a new level of access to valley physics not available in single-electron transport spectroscopy of donors in nanoscale transistors [6, 7, 17] . The quantification of interface-induced valley repopulation is accompanied by direct and accurate determination of donor depth, and observation of the interface and crystal environment of the dopant. Most importantly, the coherent electronic valley interference and population of the donor atom is found to be remarkably robust to the presence of nearby (∼ 3 nm away) interface perturbations. This new level of understanding is essential to the engineering of addressable single-qubit two-qubit operations in silicon devices [9, 10, 20, 21, 39] , in order to exploit silicon's remarkable coherence [1, 2] Samples where single-electron tunneling through donor-bound electronic states was observed were prepared by flash annealing a commercial n-type (arsenic doped) silicon wafer with resistivity 0.004 − 0.001 ohmcm to a temperature ∼ 1050
• C for 10 seconds, a total of 3 times. After the final flash anneal, the temperature was rapidly quenched to 800 C, followed by slow (1 • C/s) cooling to 340
• C, producing a 2 × 1 surface reconstruction. Hydrogen passivation was carried by dosing with 9 monolayers of atomic hydrogen. This flash anneal procedure is known from secondary ion mass spectroscopy to deplete the upper ∼ 10 nm of the wafer of arsenic dopants [28] , but is shallow enough to maintain sufficient coupling to the conduction impurity band to obtain a measurable single-electron tunneling current through donor-bound states. No donors were found for samples flashed 3 times at 1200
• C, which are expected to have too deep (∼ 100 nm) a surface depletion and too few residual arsenic dopants [28] .
Measurement
Measurements were performed using an Omicron low temperature scanning tunneling microscope (LT-STM) operating in ultra-high vacuum at a temperature of 4.2 K. Current I was measured as a function of sample voltage U using ultra-low noise electronics, and dI/dU was obtained by numerical differentiation. Spatially resolved measurements of donors were obtained on frames 20 nm × 20 nm in size, containing a single subsurface dopant, with a spatial resolution of 0.02 -0.04 nm. Fine calibration of reciprocal lattice vector positions was carried out by Fourier transforming topographies (see Supplementary Information) acquired simultaneously with quantum states, using the multi-line scan technique.
The depth z 0 of donor 1 was estimated by fitting the spatial variation ∆E C (x, y) of the conduction band edge to a dielectric-screened Coulomb potential including the vacuum-dielectric mismatch,
Here, x and y describe the lateral position of the tip, eff = (1 + 2 )/2, and 2 is the dielectric constant of silicon. The conduction band is probed for U > 0, a condition where tip-induced band bending ionizes the donor and depletes the surface of carriers, justifying the fit to an unscreened Coulomb potential, as described in detail elsewhere [32] . For the donor 1 in Figure 1 we found z 0 = 2.8 ± 0.45 ≈ (5 ± 1)a 0 nm and eff = 6.1 ± 1, closely matching the expected value eff = (1+11.7)/2 = 6.35 for a Coulomb potential a depth z 0 below the silicon/vacuum interface.
APPENDIX B: SUPPLEMENTARY INFORMATION

Conventional subsurface dopant imaging
Conventional subsurface dopant imaging [29, 30] at a constant current and bias U = −1.25 V was initially used to identify subsurface donors, as discussed in the main text. The signature of bound states in the measured topography is the localized protrusion seen in Figure 6 . Figure 6 and 7 to model discussed in methods. Donor 1 was fit to purely thermally broadened resonances. U = −1.25 V. In general, the local density of states of the band edge into which tunneling also necessarily occurs in constant current imaging will be modified by neutral impurity scattering [29] . The combination of tunneling from multiple bound states and a continuum disturbed near the donor by neutral impurity scattering, makes constant current imaging unsuitable for probing single quantum states of subsurface donors. Interestingly, the topography taken at a sample bias U = −1.45 V ( Figure 1D , main text) shows no evidence for the subsurface donor. Donors discussed in the main text were identified using the two-pass line-scan.
Single-electron transport spectroscopy
In this section, the single-electron tunneling spectra measured for tip positions above donors 1 and 2 are discussed within the theory of single-electron transport in the weak coupling regime [31] , which describes similar experiments on p-type dopants in silicon [32] , and transport experiments on single-atom transistors [? ] .
The single-electron transport tunneling current measured for a tip position above donor 1 (Figure 1 and 2 ) in the main text is presented for several tip heights in Figure 6A . Sequentially from the top to bottom, data correspond to 8 different tip heights each successively 28 pm higher above the dopant. Blue data points are for the tip height presented in Figure 1B in the main text. The nearly fixed offset (on a logarithmic scale) between curves obtained at different tip heights reflects the exponential suppression of the wavefunction, which can only be observed when Γ out Γ in ( Figure 1B ) in a single-electron tunneling experiment in the STM. From Γ out Γ in we have I(r) ∝ |Ψ(r)| 2 . On a logarithmic scale, the linear drop of current into the noise floor (∼ 50 fA) is the clear experimental signature of thermal broadened single-electron transport [31] . State energies E i = eαU i were obtained by least-squares fitting of the lever arm α and voltage U i to the wellknown line shape for single-electron tunneling [31] , as recently employed to describe similar experiments on ptype dopants in silicon [32] . The measured current I(U ) was fit to I = U 0 (∂I(U )/∂U )dU , where
and Γ i and A i are lifetimes and amplitudes for states i = 1, 2. The proportionality constant A i was allowed to vary linearly with tip height to account for a small positive differential conductance that arises either by (a) field-induced lowering of the barrier to the STP tip, or (b) an increase in the tunneling density of states in the tungsten tip, which both could occur with increasing bias U . Results for the fit of donor 1 are given in Table I , along with the energy splitting E 2 −E 1 = 1 2 e(α 1 +α 2 )(U 2 −U 1 ) estimated assuming a linear variation of α with voltage. Figure 6B shows the least-square fits of the measured current I (black squares) to the model discussed above (red line), as well as numerically differentiated conductance dI/dU (blue circles), and the derivative of the least square fit (green line). The same results plotted on a linear scale are presented in Figure 6C .
The single-electron tunnel current spectrum of donor 2 from the main text is presented for several tip heights in Figure 7A . Data (green squares) are shown for 13 tip heights each successively 14 pm higher above the dopant. The upturn in the logarithm of the tunnel current indicates that the single-electron transport is not purely thermally broadened [31] . However, the broadening of each step does not change with increasing current, ruling out broadening by dynamical charge fluctuations, as discussed elsewhere [32] . Rather, the upturn reflects a measurable contribution from lifetime broadening associated with the coupling of the donor electron to the conduction impurity band. This could occur in donor 2 and not in donor 1, for example, due to local differences in the depth of the flash annealing-induced local depletion, of either a purely statistical nature, or due to a temperature gradient in the sample during annealing.
The curve plotted in blue circles in Figure 7A was fit to a model of thermally broadened Lorentzians (red line) in the sample voltage range -0.65 V to -1.08 V. Figure  7B shows the least-square fits of the measured current I (black squares) to the model (red line), as well as numerically differentiated conductance dI/dU (blue circles), and the derivative of the least square fit (green line). The same results plotted on a linear scale are presented in Figure 7C . Results for the fit of donor 2 are given in Table I .
Two additional dI/dU peaks were consistently found at a sample bias U ∼ −1.0 V to U ∼ −1.1 V, exemplified by those in Figure 1B /1C in the main text. These states consistently merged into tip-induced states for tip posi- tions away from the donor (see Figure 1C , main text), and can therefore directly be identified as two-electron states for tip positions above the donor. Indeed, since Γ out Γ in in our experiment, single-electron excited states are only observed if they have both (1) different couplings Γ out to the tip and (2) lifetime exceeding the rate Γ out . Excited states in this situation may therefore be faint or not necessarily observed[? ].
The energy difference between the states, 21 ± 2 meV for donor 1 and 20 ± 3 meV for donor 2, (obtained by least-squares fitting in Table I ) is therefore the subsurface donor charging energy, much less than the ∼ 50 meV value of arsenic in bulk silicon. These results are consistent with suppressed charging energies of subsurface arsenic donors observed in FinFETs, resulting from a dielectric-mismatch induced enhancement of the twoelectron binding energy [? ] . The spatial structure of these transitions, theoretically represented by an overlap between the one-electron and two-electron states[? ], has both probability envelope and ellipsoid features in reciprocal space. However, an analysis of these features is well beyond the scope of the present work.
While the state at voltage U 2 = −1.051 V is therefore the two-electron singlet, the state at U 3 = −1.094 V is a two-electron triplet likely to involve an excited orbital with a different valley configuration. The absolute energy difference E 3 − E 2 = eα(U 3 − U 2 ) can be estimated using the value of α = 0.065 ± 0.005 extracted for peak 2. We obtain E 3 − E 2 = 2.8 ± 0.2 meV, slightly higher than for donors near a silicon-SiO 2 interface in a nanoscale transistor [? ] .
Reciprocal lattice vectors and reconstruction-induced features
In this section we discuss calibration of reciprocal lattice vector positions, carried out using Fourier transforms of measured topographies, as well as the appearance and origin of reconstruction-induced features in both the to- pographies and measured quantum states, and the associated sampling requirements to faithfully represent them in the measurements.
The topography z(x, y) measured simultaneously with donor 1 (donor 2) in the main text is given in Figure 8A (8D). Peaks at reciprocal lattice frequencies in the the corresponding Fourier transform for donor 1 (donor 2) given in Figure 8B (8E) were employed to carry out a fine calibration of the coordinate system. Results are shown after calibration correcting a trivial rotational misalignment of the cleaved 10 mm × 3 sample within the sample plate, and a small tip drift[? ] (< 0.1 nm/hour) of the 4.2 K LT-STM during the ∼ 30 minute measurement of each donor.
The result is the alignment of reciprocal lattice vector positions 2π/a 0 (±1, ±1) in the measured topography with spots corresponding to the cubic lattice constant a 0 = 0.54 nm of the silicon surface. Peaks at 2π/a 0 (±1/2, ∓1/2) originate from the 2×1 surface reconstruction. The latter, created by symmetric dimerization of the hydrogen terminated silicon surface [43] , are found at a displacement ∆G = 2π/a 0 (∓1/2, ±1/2) relative to reciprocal lattice vectors positions. Features centered at the same coordinates were observed in the Fourier transform of the orbital probability density of donor 1 (Figure 2A and Figure 8C ) and donor 2 ( Figure 8F ), a displacement of ∆G from probability envelope features at k = 2π/a 0 (±1, ±1) and k = 0. Similarly, the structure found at 2π/a 0 (±1/2, ±1/2) for donor 1 ( Figure 8C ) and donor 2 ( Figure 8F ) is related to the four symmetric ellipsoids centered around 2π/a 0 (0, ±1) and 2π/a 0 (±1, 0), as evidenced by the ∆G = 2π/a 0 (∓1/2, ±1/2) displacement relative to these structures.
For the sake of simplicity, the first Brillouin zone of measured and calculated Fourier representations is shown. However, measurements reveal nonzero components with spatial frequencies to at least 2(2π/a 0 ). The Nyquist sampling theorem therefore dictates a minimum spatial sample frequency exceeding 4(2π/a 0 ). Using our single quantum state imaging method we could comfortably image single states with a spatial resolution of 1024 × 1024 pixels (for donor 1) and 512 × 512 pixels (for donor 2), in less than 30 minutes. The corresponding maximum spatial frequencies represented in the L × L = 20 nm × 20 nm frames, providing the desired resolution 2π/L ≈ (1/50)2π/a 0 , are ∼ 12(2π/a 0 ) (donor 1) and ∼ 6(2π/a 0 ) (donor 2).
Ellipsoid Fourier feature in real space
The expression for the real-space representation of the ellipsoid valley interference pattern in the main text was derived from the six-valley donor envelope function representation introduced by Kohn and Luttinger [25] ,
where µ = 1 . . . 6 denotes the six conduction band minima in silicon, α i µ denotes the valley quantum number describing the coherent valley population of the minimum, F µ (r) is the envelope function, φ kµ (r) = exp(ik µ · r)u kµ (r) is the Bloch function for the band minimum, and u kµ (r) = G A k,G exp(iG · r) is a lattice periodic function over the reciprocal lattice vectors G of the silicon crystal. Supported by atomistic calculations, the measured subsurface donor ground states was found to have a bulklike orbital structure and valley configuration. Consequently, we take α 1 = 1/ √ 6(1, 1, 1, 1, 1, 1). As discussed in the main text, the ellipsoid features arise from products z and x (or y) valleys in |Ψ(r)| 2 . Collecting the associated terms and assuming the ion position is located at x = y = z = 0, it is easy to show that their contribution to the probability density evaluated at r = (x, y, z 0 ) is given by
This expression has a global maximum at x = y = 0 when cos(k µ z 0 ) > 0 and a global minimum in the same location when cos(k µ z 0 ) < 0. The ion position indicated in Figure 4 in the main text can be determined to high accuracy δ x , δy 0.85(2π/a 0 ) by examining the global minimum in the real-space representation of the valley oscillation.
Atomistic theory
Atomistic predictions of the electron wavefunctions Ψ i (r) and probability densities |Ψ i (r)| 2 of donor-bound states were obtained by empirical sp is the tight-binding representation of the ground state wavefunction, ϕ j (r) are s, p, and d Slater-type orbitals for silicon [40] , and R k are positions of silicon atoms in the crystal. Evanescent (vacuum) tails of Ψ(r) and |Ψ(r)| 2 were evaluated for a tip orbital position δz = 0.45 nm above the last atomic plane, assuming an s-wave tip [34] .
Coefficients c 1 jk above were obtained by diagonalization of the tight binding Hamiltonian of ∼ 1.4 million silicon atoms. A single arsenic atom was modeled as a Coulomb potential with on-site orbital energy corrections [6] successfully reproducing the measured donor energy spectrum including the valley-orbit splitting [41] . The influence of displacement of surface atoms associated with the 2 × 1 surface reconstruction on the tight binding hamiltonian was computed by a generalization of Harrison's scaling law [42] , assuming symmetric dimerization atomic displacements calculated elsewhere [43] . These models have been combined with the valence force field Keating model to describe atomistic strain relaxation in multimillion atom quantum dots in excellent agreement with experiments [44] .
The full tight-binding Hamiltonian of silicon, the arsenic donor, and the hydrogen passivated surface was solved by a parallel Lanczos eigensolver to obtain the lowest energy donor eigenstates. The computations are performed using the atomistic tight-binding tool NEMO-3D utilizing nanohub.org resources, and requires about 5 hours on 40 processors to obtain 10 wavefunctions. A detailed description of this full-band non-perturbative method can be found in Refs 21 and 44.
Calculated single-electron excited states
Further details of tight-binding calculations of subsurface donor states are presented in this section. Two-dimensional Fourier transforms of wavefunctions Ψ(x, y, z 0 ) and probability densities |Ψ(x, y, z 0 )| 2 of the first six single-electron (D 0 ) eigenstates of a subsurface donor, calculated by tight binding, are given in Figure 9 . The binding energy relative to the bottom of the bulk silicon conduction band is given, along with the dominant valley contribution and the corresponding valley quantum numbers.
In particular, the predicted binding energy of the subsurface arsenic donor (51.5 meV) is only slightly smaller than that of the bulk arsenic donor (53.4 meV). Similarly, the valley-orbit splitting of the subsurface donor is 19.8 meV compared to the 21.1 meV splitting predicted for the bulk donor. The first excited state is α 4 -like and the second is α 5 -like. The third and fourth states are degenerate and are both linear combinations of α 2 and α 3 -like states, while the highest energy state in the manifold is α 6 -like. Recall for a donor in bulk silicon, the singlet has α 
Valley population
The absolute valley population for donor 1 was estimated by comparing the ratio of peaks at k = 0 and k = 0.15(2π/a 0 )(±1, ±1) in measurements to calculations. In the main text we found that the ratio matched calculations for donor depths in zero field between 6.25a 0 and 7.25a 0 . The corresponding absolute coherent valley population of the measured donor-bound state was estimated from the absolute coherent valley population calculated for depths 6.25a 0 and 7.25a 0 . The latter was determined by a three-dimensional Fourier decomposition of the tight-binding wavefunction Ψ(r) = i,j c ij φ i (r − R j ). Writing φ(r) = k φ i (k) exp(k · r) and c ij = c i (R j ) we obtain
The term in block parenthesis is readily recognized as the Fourier component Ψ(k) while the sum over j is a discrete Fourier transform, which was evaluated on a grid. The relative contribution of x, y and z valleys were obtained by integrating the three-dimensional distribution of valleys in Ψ(k) obtained by this method. Results for x, y, and z valleys are shown in Figure 10A and 10B as a function of donor depth and peak ratio. Relative distribution of probability amplitudes of donor wavefunction between x, y, and z valleys as a function of (A) donor depth, and as a function of (B) peak ratio.
